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Abstract—A finite deformation theory of plane strain is formulated for transversely isotropic, homogeneous
bodies with nonlinear stress-strain law. A new set of simplified field equations, which is valid in the case of
some deviations from Hooke's law, is derived systematically with the help of the method of order estimation.
For illustration purposes, a circular hole in a body under generalized plane strain is considered, together with
the solution of an example problem by perturbation techniques.

L INTRODUCTION

In connection with the design of structural members, finite or large deformation theory based
on nonlinear continuum mechanics has played an important role in the determination of the stress
field for the range of large deformations. Because it is often difficult to find an explicit solution of
a given three-dimensional problem, there are many papers for the studies of elastic or plastic
bodies under their analogues in two dimensions[1-4]. However, most of these studies are
confined to the treatments based on the physically nonlinear and geometrically linear theory.

Green and Adkins{5] dealt with the large deformation theory of elasticity. Their theory is
valid for geometrically nonlinear ranges, but it is difficult to apply their theory directly to the
problem of general compressible materials.

In most of these works, however, materials are assumed to be isotropic. A number of
materials of interest to engineers exhibit nonlinear mechanical effects, even when sustaining
small deformations. These effects are frequently thought to be due to anisotropic properties of
materials. In order to get a better understanding of the actual phenomena, not only physical and
geometrical nonlinearities but also anisotropy of material should be taken into account.

When the deformation is infinitesimal, i.e. when the nondimensional stress components are
sufficiently small, the linear stress—strain law is valid with good accuracy. If the nondimensional
stress becomes relatively large, the second and the higher order terms can not generally be
neglected. In the study based on the physically nonlinear and geometrically linear theory, the
nonlinear terms are taken into account in the stress—strain law, but the corresponding nonlinear
terms are omitted in the other field equations. Such a theory may be valid if the deformations are
very small and also if the values of the coefficients in the stress—strain law are suitably chosen,
but it does not necessarily give satisfactory results for materials with arbitrary nonlinear
stress—strain law. Accordingly the general finite deformation theory is to be required.

The present investigation is concerned with the simplified theory for homogeneous,
transversely isotropic bodies under generalized plane strain in the case of some deviations from
Hooke's law for the range of finite deformations. In this paper, however, we confine our attention
to the case in which the deformation is smooth. First, the definition for the generalized nonlinear
plane strain is proposed which is consistent with the usual infinitesimal theory and also with the
three-dimensional finite deformation theory. Any simplified nonlinear theory of continuum
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mechanics is necessarily an approximation from the general finite deformation theory. In the
process of simplification of the theory it may be unreasonable to make intuitive choice of several
terms which constitute the basic equations. Possible systematic formulations should be employed
in deriving the simplified theory. Here the method of the simplification employed in deriving the
nonlinear thin shell theory[6] is applied to the finite deformation theory of the generalized plane
strain problem. The maximum for the magnitude of the strain is denoted by o(y). A consistent
approximation with the general theory is made by taking all terms larger than o(vy’} in the
compatibility equations. The differential equations obtained are simple but different from those
by the previous authors[1~4] in the sense that stress functions defined for the in-plane stresses
are coupled with a stress function for the anti-plane stresses.

Secondly, a circular hole in a body subjected to both uniform tension and uniform longitudinal
shear is considered for illustration purposes. It is true that nonlinear material constants which
constitute the nonlinear terms in the nonlinear stress-strain relations should be determined from
tension and shear tests in the manner of Orthwein{[7], but these constants are determined under
some reasonable suppositions which are consistent with the problem considered. These
suppositions are employed because a set of appropriate experimental data is not at hand.

In the definition and relations of Sections 2-8, the Latin indices range over 1-3, whereas the
Greek indices have the range 1, 2 unless stated otherwise.

2. DEFINITION OF THE GENERALIZED PLANE STRAIN
We consider a body to undergo a deformation in which a point initially at X' referred to fixed
rectangular cartesian coordinates moves to x' in the same coordinates. The convected curvilinear
coordinate system £ is chosen so that ¢ = X',
The metric tensor of the undeformed body is given by

Aij = Aii = 8; (2-1)

where 8’ denotes the Kronecker delta.

In the following the surface ¢” = constant shall be called the plane, and the stresses on that
plane shall be simply called the in-plane stresses.

It is convenient to introduce the following stress tensors{11]

T = 5" Nx'm=t"NX'n (2.2)

where the comma denotes the partial differentiation with respect to X', and T’ is the stress
vector, per unit area of undeformed body, associated with a surface in the deformed body, whose
unit normal in its undeformed position is N'X"..

In the following the symbol “o” will be used in the conventional sense except that
dependence on the complementary energy function W is permiited{8]. That is, the relation
A = 0(B), where B =0, means that for a given complementary energy function W there exists a
positive number K such that |[A|= KB.

We denote the maximum “length” of the strain measure v; by y = max (Vyiy')t, where
Y i= YA “

For convenience of proceeding with an argument, we introduce a mixed tensor defined by

fi,- =39 ikAk,'. (23)
tyiyh 2 0 for ', real.
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1t should be noted that the mixed tensor §'; is discriminated from s’;= s*ay;, where ay; is the
covariant metric tensor of the deformed body.

DEFINITION: A body is said to be in the state of the generalized plane strain if it deforms by
the application of external forces such that the deformation is independent of £° within the error
which is of o(y?) at most, and if the complementary energy function W satisfies

W5l = ods' (2.4a)
oW _
o5, || = s (2.4b)

where the symbol “|§|” denotes the L. norm of the function §,.

The requirements imposed on the definition of the generalized plane strain are more general
than those proposed by Green and Adkins[5] in the sense that the displacement component such
as V7 is not necessarily neglected in the definition of the plane strain. It is worth while noting that
the requirement such that V> % 0 is more consistent with the general finite deformation theory.

By the definition the displacement can be written in the form;

=X+ VHX XY +o(y) (2.5a)
VE 3=0(y)). (2.5b)

The strain tensor v, in the state of the generalized plane is found from (2.5) and from the
definition of the generalized plane strain as follows:

Yo =3 (Vs + Vo + V5 Va) + 03 (.6
15 3

Ya3 =3 Viato(y’) (2.6b)

Y3z = 0(’)/3). (2.6¢)

Now it is assumed that the displacement V' and its first and second derivatives may be finite
but their least upper bound is fairly small compared with unity. A consistent approximation with
the general finite deformation theory is made by taking all terms larger than o(y") in the final
differential equations.

3. COMPATIBILITY EQUATIONS

We shall state the compatibility equation for the generalized plane strain problem. This
equation can be obtained from the condition that the Riemann—Christoffel tensor ry, of the
deformed body vanishes identically. In our coordinate system the condition r,, =0 gives the
following relation between the strain components[12]:

ij l imn _jpq jmn_ ij
]“) =§(€ EJ +e™e pq) ('an,mp —%Nmnpq> =0 (31)

n

where €™ is the three dimensional permutation tensor. Here the tensor Nu.,q is given by
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Nmnpq = qusTnpta " (32)
Tnlqs = y{mq.s} (33)

where we have introduced the notations such that
Yimast = — Ymas + Yqs.m + Vsm.q (343)
]“’"=%(J"" +J% (3.4b)

and a® is the contravariant metri¢c tensor of the deformed body. By the definition of the
generalized plane strain (3.1) is rewritten in the form:

J{aﬁ) = — T »(3)\3a8 - TanTmA + 0('}/3) (3.58)
Jean = Tazop = TassToor + To3aToar + 0(y7) (3.5b)

1
J(33) = Yop.ao = Yap,ap +§ ('me,)")’pp.)\ - 4')"&&.)\')’p}t.p + 4')’(1)\.&%0/\.;7 + 2’Yap.)\')'w\,p - 3'}’119,»\‘Ymp,¢\)
+ 2‘)’3(1‘01'}’3;)‘9 — Viap¥Yiap ~ Viwp¥ipa + O ('}’3) (3.5¢)
where 8., is the Kronecker delta.
It is easily found from (3.5) that (3.1) is reduced to
€Yoz, = 0(y) (3.6)
I =o0(y) (3.7)
where €* is the two-dimensional permutation tensor.

Equations (3.6) and (3.7) provide a set of compatibility equations for the body under
generalized plane strain.

4. CONSTITUTIVE EQUATIONS

For an elastic material which is homogeneous and transversely isotropic in the constrained
state, the constitutive equations can be derived by [10]

LW, oW
vi=3 (5 @

where W is a complementary energy function expressed in the form:
W = W(S1, 82, 83, S4, 35). (42)

Here 5, i = 1,2,...5 are the five stress invariants for the transverse isotropy with respectto a
direction which is parallel to the X -axis. In our coordinate system they are given by

§1=5 82= 55 53 = Fi50E5 5. =53, 55 = §355. 4.3)

We restrict our attention to the compressible material. Following the same notations as John[8],
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we can write
§5=0(s)=0(y) (4.4)

where 5 is the maximum “‘length” of the stress tensor §; defined by
s* = max (§§%). 4.5)
o

For monotonically increasing loads, at first the linear stress-strain relation exists, then with
continnously increasing loads the deformation gradually changes. It can be assumed that the
complementary energy function is an analytic function of these stress invariants in the
neighbourhood of s, =0, i =1,2,..,5, and therefore it can be expanded in the form:

W= a8+ @282+ A353+ As84+ Asss+ (16812+ a7s22+ ass42+ 09S52+ Q108182+ 118183+ A125154
+ 138185+ G148282 T A158255 + A165184+ A178485+ a18513 + a19-5'43 + azosxzsz + 02131254 + 02251255
+ a23$1342+ (12452542+ a25342S5 + 326514+ 027344'1" &28512842 -+ azgs(3S4+ 33031843 + O(SS)
(4.6)

where az, as, de. as and a,» denote the linear material constants, whereas the others mean the
nonlinear mater al constants.

If we restrict our attention to a body which is unstressed before deformation, it is found that
G = s+ 0.

Substituting the series (4.6) into (4.1), we obtain

’yo;g = (20(,81 + A1082+ Q1284+ d1385 + 3(1135'12 + 2(1215154 + a23s42)8;3w + 2530( (a2+ 1081+ (11454)
+3a:5,75" + 0o () (4.7a)
‘)’fxs =2a+ 615)5_'3(1 + {281o+ 013}81 + (2a14+ 0)7)84}6-';‘ +3as5, §3m + O(‘)’s) (47b)
‘)/,33 = (2a5+ alz)sl + (a12+ 2(12+ 208)S4+ (a1o+ ax4)Sz+ (a,3+ 303 + 1117)S5 + (3a,s+ a:,)sf
+ (2(121 +2a,0+ 2023)S154+ (ax+ 2a.4+3a;+ 3a19)S42 + 0(73). (47C)

For the sake of compactness let us put

D; = 2(ﬂ2+ a(,), Dz = 2(16, D3 = 2a6+ iz, D4 = 2(“2+ det+ dz+ al2)s

_ . Dy
Ds = 202, Dﬁ"‘ 202+ as,A= Dz"‘__

D, 4.8)

Equations given by (4.7) are the constitutive equations for the generalized plane strain based on
the finite deformation theory. They contain 14 constants.

5. STRESS FUNCTIONS
It is easily found from (2.1) that stress tensor ¢t and s“ are connected by the relation[11]

t9 =58+ V) G.h

The equations of equilibrium for the exact three-dimensional theory in the absence of body
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forces are given by
t" =0 5.2

By the definition of the generalized plane strain, (5.2) can be written in the form:

t5=0(s’) (5.3a)
£ =o0(s. (5.3b)

Here we introduce the stress functions F, G and @ defined by
t = €™e®F , +€*G2+0(s”) (5.4a)
1 =€e"d, +o(s?). (5.4b)
By the introduction of these stress functions (5.3) is satisfied identically within the error which is

of o(s’) at most.

When the deformation is very small, the linear theory is valid. If we neglect the rigid body

motion, the in-plane strain components y., of order o(y) and the in-plane rotation w.s of order
o(y) are expressed in terms of the stress function F as follows:

Yop = AF p8ap + Ds€op€arF or + 0(y7) (5.52)
V[a.ﬁl = Wap = Em[:]f + O(YE) (55b)
where
f=-(A+DsQ (5.6)
_ 1 - _
Viesr = 3 [Vap = Vool 6.7

and where Q is a conjugate function with F , in the sense of Cauchy-Riemann. If the function
F,, is known, its conjugate Q is easily determined except for the constant,
From (5.5) we obtain

Vs = AF 1,845 + DsF p8ag = DsF op + €usf + 0(y7). (5.8)
With the aid of (5.1), (5.4), (5.8), stress components s” are given by

53" =€¥®, ~2Dee™ D,\F,, +2Dee™ O Fi+o0(s") {5.9a)

§* = F25°% — F*® — AFAF%6° + AF%,F + ¢*G* + D;F *F® — D;F<F*.8% + ¢ “FAf
+o(s’). (5.9b)

Since s¥ is a symmetric tensor, it follows from (5.9b) that
€ €yt €acFaf) = 0(¥). (5.10)

When we determine the stress field of the generalized plane strain, (5.10) becomes an auxiliary
equation.
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From (2.6¢), (4.7c), the stress component §3 is obtained as follows:

§5=C15%+ CoB 8%+ €555 %+ Ca555 0+ 0(s7)

where
e A A c=_A4+2A3
! A +AY YT A+AYT A+A,’
com 1 {_A +AK(A6+2A5)_(A3+A5+A6+A7)A12}
CTAFA, 3 A+ A, (A + A.)°
where

A, = 2(16+ aiz, Az = 2a2+ 203+ a2, A3 = (A10+ QA 14, A4 = 303 +anx+ ar,
As=3ais+ az1, As=2a10+ an + az), A7 =3as+2a1+3as+ ax.

Substituting (5.9) into (5.11), we obtain
§%=c1F%+ (ca— Ac)FAF% + (c2— ¢iDs)F 5 Ff + 0,87 + o(s?).
With the aid of (5.9), equations (4.7) can be replaced by

Yog = (B1F%+ B.F5,F .+ B3Fj\p 2+ B, D°)8.5 + BeF,F .5 — BsF .
+ B7F‘)‘O,F',\,3 + B5€apr,B + BsEm(F:(gf i Bscb.uq)ﬁ + 0(73)

Va3 = Dsé apd:"p + B9€ ap®‘pF_AA+ BIOEAK ¢,KFVQA + 0(73)
where

B1 = D] + ClDls
B,= Ds(C4_ AC;) - DzA + a10C12+ 2021C1(1 + C1)+ 023C12+ 3018(1 + C1)2
—Ds(A + Ds)+2a10+2¢c{aw+ airs) +3as,

Bs = ¢;:D3—¢1D3Ds— D, Ds+ a0, Ba = Dycs +2a50+ (D3 — Dy)cs + a1 + 3as,

B5 = Ds, B6 = Ds(A + 2D5) - 20]0_ 2C|(am+ 014) - 6a3, B7 = 303,
Bs=3a; Bs= — 2D62+ 2apt+aist3as+ciantanstantan+ 3as),
B10=2D62—3(13.

6. DIFFERENTIAL EQUATIONS IN TERMS OF STRESS FUNCTIONS
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(5.11)

(5.12a)

(5.12b)

(5.13)

(5.14a)
(5.14b)

(5.19)

The compatibility equations expressed in terms of stress functions are derived by substituting

(5.14) into (3.6) and (3.7). They are

Fo5+ M FouF* + MoF Y Fo + MaFoF o+ Ma€™ (Foof o + Fof o)+ Ms®.0% = 0(s5)

P4+ Méd).pF:\l\p_*. M—,-(Df\pr’)‘ = 0(53),
and the auxiliary condition obtained in Section 5 is given by

fF5+G%=o(s”)

(6.1a)

(6.1b)

(6.1c)
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where

M=z (282 ~B,~2B)’+ B.B: +lBsz), M= “1’(233+ B7—1B§’), M., =B~ By,
B, 2 B, 2 :
B 1 . B B
_E‘?, M5 :E(2B4_ Bs“zD(:), M, = —'25 M,= —i.

6.2
- D. (6.2)

M4:

Any set of functions F, @, G, f which satisfies (6.1) and some appropriate boundary conditions is
a solution of the generalized plane strain problem. These field equations are different from those
obtained by Green and Adkins[3] in the sense that the new stress function such as G is
introduced in (6.1).

If we assume that V> =0, the stress function ® becomes zero. In this case, (6.1a) and (6.2a)
are reduced to equations for determining the stress field in the sense of usual plane strain, but any
mathematical disadvantage may not occur in {(6.1).

For a certain class of materials and for a given definite quantity of deformation, there may
exist cases where the following relation is satisfied

max {ao*(y' )} = 0*(y),j =3,4.5,...

where a; are the material constants which constitute higher order terms than o(y°) in (4.6), and
we have used a symbol “*o*" instead of the conventional symbol **0"" in combination with a given
definite quantity y. For such cases some terms involved in error terms in (6.1) should be
considered.

7. AN APPLICATION TO AN INFINITE BODY WITH A CIRCULAR HOLE

The theory is illustrated for a circular hole in a body submitted by both uniform anti-plane
shear and arbitrary by-axial tension. It is convenient to consider F, @ and G as functions of the
complex variables z = X'+ iX?and 7 = X'~ iX?, i =V — | instead of as functions of X' and X>.
In this case the differential equations (6.1) can be rewritten as

F,zzfz + KIF.:ZEF.zEE + KDF‘:::F‘EEE + K3{F,:ZF‘2555 + Fi?F,::zi )+ Kd(l)v:z 3z 0(5‘3) (713}
q),zi + KS(q).:FJiE + ®<EFVZZE} + Kﬁ(F,zz (I).Zi + F‘SSCI).::) = 0(53> (7.1b)
G.: = K;QF : +o(s) (7.1c)

where
K} :4M1 + 3M:+4M4(A + D5}, Kg = Mz. K3 = xM} + M4(A +D5),

Ko= M. Ks=2Me Ko= M;, K- = A + D, .2)

Assuming that & = 0(s%), we obtain the field equations for the classical plane strain problem as
follows:

F\z:if + KIF,::EF.zz‘f + KZF‘z:zF.E:’:’ + KB(FJ:F.:EEE + Fv:‘:‘F.:zz:') = O(SJ) (7.33)
(D,zz' + KS(QV:F.:EE + (D.EF.::S) + K(\(F‘z: d).ff + F.ifq).z:} = 0{84) (7.3b)
Gz = K-QF : + 0(s”). (7.3¢)

On the other hand, if we assume that F = o(s%), we obtain the field equations for the
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longitudinal shear problem such that

F. o+ K®..P..=0(s) (7.4a)
.. =0(s?) (7.4b)
G.:=o(s"). (7.4¢)

It is found from (7.4c) that in the case of the longitudinal shear problem in-plane stresses ¢
become symmetric.
For conveniences in obtaining a solution, the stress functions are normalized in the form:

(n) {(n} {(n)

F=0.F.®&=10.%,G=0.G,Q=0.Q (7.5)

where . is defined as the characteristic load and A denotes arbitrary constant which is
responsible for the magnitude of the applied longitudinal shear stress. The equations which
govern the normalized stress functions are given by

(n) (n) (n) (n) (n) (n) (n) ny (n) (n)y ()

F ozt Hi€F s F oes + Ho€F oo F gop + Ha€(F o F o+ F 2 F 2ox) + Hue D, = 0(32)
(n) (n) (n) (n) (n) (n) (n) (n) (n) (7'6a)
(I),:E + HSG(q)v: F.zfi + q).fF,::i)+ H(,G(F,;z q),if + F_ffq),:z) = 0(s2) (7.6b)
(n) (n)(n)
G..=H:QF .. +o(s%) (7.6¢)
where
2
H =K 2123567 1,- 22K (7.72)
€= 12 =o0(y) (7.7b)

where K, denotes a reference material constant which we may take as Young’s modulus. By the
definition the parameter € is found to be of o(y).

Since it is difficult to solve the nonlinear equation (7.6) explicitly, we shall apply the
perturbation method. We assume that the stress functions F, G, ® are functions of the parameter
€ which can be expanded as absolutely convergent series

F=SFe®=5de G=3 Ge', 0=3 Q" (1.8)
=0 i=o =0 i=o

Now the series (7.8) are substituted into (7.6), then the terms having equal powers of ¢ are
collected and finally the coefficients of each power of e are set equal to zero. This process
provides a set of linear partial differential equations. The one corresponding to €° provides the
differential equations for the linear theory. They are

F()‘zzif = 0 (7.93)
Dy.- =0 (7.9b)
Go,:s =0 (79C)
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Since the stress tensor t" is symmetric in the case of infinitesimal deformation, the function Go
can be set equal to zero.
From the coefficients of € we have

F‘zzii + HIF(LZZZFO.:H + HZFO.:zzFO.EZf + HB(FO.zzFﬂ,zfiz' + FO.z‘z"FO,zzzf) + H4q)0‘zz q)().fz‘ = 0 (7.103.)

D2z + Hs( Dy, Fo ez + Po:Fo0: )+ He( Foo. ®ozz + Foz:$o ) =0 (7.10b)

Gi.-=H 7QnFo,zz- (7.10(:)

The differential equations for the higher order terms are derived in a similar way. However the
corresponding stresses appear only in the error terms.

For this problem it is also convenient to assume expansions for stress and displacement
components, namely

t* = 0.y, tP€", 1 = Ao, >t P=0,1,2,... 7.1
7 P ()
- ®)
Vi=3 Ve",p=o0,1,2,... (7.12)
I3

Further we introduce a polar coordinate system, where z =re”, Let (V,, V,, V,) be the
displacement components expressed in the polar coordinates. Under the circumstances we obtain
the expressions of the displacement components in terms of the stress functions as follows:

rV;,, = 2D6i ((I),ZZ - (sz) + 4i(2Bg + Bm)F_zi ((D,ZZ - (I)zZ_) + 4iB1()((D,zF,2iZ_ - (I).zF‘z:Z) + 0 (')’3)

(7.13a)
‘73,@ = =2D(®.z+D,:2)—-4(2Bs+ By} F ., (P2 + D ,2)+ 4Bio(® F 2 + O F .2} + 0 (')’3)
(7.13b)
FZV,J = 2(231 e Bs)F.szf + 2{832 + 4B6 —-4A (A + Ds) + 4B3 + 237 - Dsz}F‘sz,szZ

+ 2(433 + 2B7 - DSZ)F,,zF,ngf + 2(2B4 - 2D(.2 - Bg)cb,z q)zzf - BS(F,ZZZZ + F,z‘zfz)

+2{2Be+2Ds(A + Ds) +2B7~ DS'}F o(F.0.2” + F.»2°) + (2Ds" — By)

X (@D 2"+ PP o2 + Bsi(Gxz” — G uZ) + 0(¥)) (7.13¢)

x?
Oy Oy
tetel | teloel
W Tyzco Tyza)—*-)-

Tlelel | |ele]

Oy

Oy

Fig. 1. Configuration and coordinate systems.
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r*(V, + Vo) =2(2B, — Bs)F .:2Z + 2{8 B>+ 4B~ 4A (A + Ds)+4B; + 2B, — D}F ,F .27
+2(4B3+2B;~ Ds®) F .F 5,27 +2(2B4— 2D~ B)® . ® .27 + By(F ..z° + F 52°)
—2{2B¢+2Ds(A + D5} +2B;— DA F oo (F..2° + F2:27) = (2D¢" — Bg) (0. & 2> + $ . .77)
- '“le‘(G,::zZ"‘ G,zzzz)+ 0(')’3) (7.]3d)
1‘3(‘7;—,3 +Yfi - i}s> = - ZBSi(F'::Zz - ijzz)
+4i{2Bo+2Ds(A + D)+ 2B;~ DA F s (F 2"~ F2:2) +2i(2D6— Be) (@ 2"~ B P27
—2Bs(G..2*+ G2 +o(y).  (1.13e)

It should be noted that the displacement components must be single-valued functions of their
supports.

The stress functions must satisfy the boundary conditions. The stress free conditions on the
rim of the hole, i.e. on the circle r = a, are

Fou2’ = Fozf® = Fou2Z (7.14a)

2F02Z = Fi2’— B’ + i{Gunz’ — Gz =0,k = 1 (7.14b)
— i(Fiwnz’ = FessZ) = Giaa2 + 2622 — Gis:Z =0,k = 1 (7.14c)
dy.z = Dz, k =0, (7.14d)

The conditions at infinity are written by

Forn=x1 Foxr= ks, Foz=0 (7.148)
Feret Gii2=0,Fein— Ge2=0,~ Foip+ G =0, Foa + G =0,k = 1 (7.14f)
Do=Py, =0,k =1 (7.14g)
®os = — ks, Doz =0 (7.14h)
where
k1= 2 k= T e = (7.15)

where 0y, 0y and 7,... mean the intensity of the uniformly distributed stresses t'', +* and t* at
r - oo respectively.

The solution based on the linear theory is derived from (7.9) with the boundary conditions
{7.14a, e, h) as follows:

Fo= —a’y, (—7:+§) 2z + P (4 7 =ty log 25+ % (l+_1-) (7.162)
7 2 2 2 : IRARVERN ’
Qo = 4a’yii <~Z-l~f——zl—) (7.16b)
_ ks, 0 @
B, = 2(z+z L Z) (7.17)
where

nETT R (7.18)
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Substituting (7.16), (7.17) into (7.10), we obtain

4 6 8

a a a 1 1 1 1
F.»t+—3Ni+—==N.+—==Ns +a ( + )N+a< s+ N
224 2323 1 2424 2 2525 3 2224 2422 4 5-3 5

<I>m+a’(z1 21>N7+a( ] 3)N8+a6( 1] 3>N9=0 (7.19b)

2’7 7%z 277 Iz
1 1 2. f1 1
Glzz—a l(?_?>N1o+a—l <?_}—2)N11 (7.190)

where we have put

4H1’Y] +4H2(‘}/7 +9')’| ) 24’)’1 H3+ K3 H4, N2 Y1 (18H3_ 144H2)
N;— 144y,°H,, N. = 6y:v2(Hs — 2Hz), Ns = 24y,y.H,
Ne= 6712H3, Nz =«; (yle —271H6+ ‘Ysz), N;= K3‘Y](H5 + He),
N9=3K3‘Y1H6, N1o:4H7'ylz, N11 =4H7'}’1’}’2. (7.20)

Considering the fact that there is some freedom in the choice of the stress functions F,, G, ®,
and the condition that displacement components should be single-valued functions of their
supports, we obtain the solution for (7.19) with boundary conditions (7.14b, c, d, f, g) such that

_ Nia*l Nwa® 1 Nsa® 1 Nm“(i l) -
F,=-——& -8 2 ad 2323+—6 22+z‘2 (log zZ —log a”)

a2 (5 )N (b )N (e h)
+(36 ey e\t 7)) \Ft ) BT

Ry( 2\ Ry(Z Pe(1. 1)
+ > ( +_)+1 <3+Z_) P, logzz+2()<‘2‘,+z_4 (7.21a)
a

zZ Z

Q
Il
wl
|
)

W)
~—
+
)
/:\
NINl
NIIN

) (7.21b)

(G z) N (L Ly Nt L) ) T
o= (22+22> - (Zzz+fzz 2 (ot o z+f) ( 23) (7.210)

N, N
R3= (N”——6—4—-2_45)a2’ RS =2a4(N6+2N10),
_ & & _N_E 2 _ (_& l _2 ) . . 6(& )
P,= 4 18+48) ,Py= 12+16NS 2N11 a’,Pe= —5a 3 +2Nuw),
Tom -G (Mer ) Tom G (7.22)

The physical stress components defined in the cylindrical coordinate system are expressed in
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terms of the stress functions as follows:

r’t"=2F 227 — F 2> = F7’+ (G ..2* — G ;3% (7.23a)

r*t®=2Fm2f + Fo2’+ F ol = (G 22’ ~ G uZ”) (7.23b)

Pt = —i(Fuz’ = Fa) 426 .22 — G2’ ~ G o2 (7.23¢)

P't" = —i(F.z’ = F.22) ~2G 1222 — (G .i2* + G uZ?) (7.23d)

P = — 0,z — 0.5 = (D2~ D7) (7.23¢)

1t = i{l +(4q:+2q2)F.:} (P2 — D7) +2¢1i (D .F 22 — DF .2) (7.23f)

r’= —{1+(4q:+2g2)F .} (@2 + ©.2) + 2D F 27 + D :F ..2) (7.23g)

t® =4¢\F s + qsF :F oz + 8(c2 = ¢1.D9)F ooF 2 + 4¢3+ 2Do)® . D (7.23h)

where

g1=A +Ds—2Ds, g =2Ds— Ds, qs = 8{c2~ ¢.Ds + 2(cs— Acy)}. (7.24)

The stress distribution on the rim of the hole is of special interest for engineers. The physical
stress components on the circle r = a are given by

2,600
at _ 4y,+8yi1cos20 +%{m + 2t Q@ — s — me+ 2Nna’) cos 20
+ Q27— 7 — ms+4Nya’) cos 40} + o (v?) (7.25a)
or
A 8e(Nuy sin 26 + Nuo sin 46) + 0 (y?) (7.25b)
% 4¢
=2¢0s § —— (710 €05 B + Mo cos 30) + 0(y?) (7.25¢)
Ao a
£° 4
= 2cos 0 + e{8q,k,(2yl €08 26 +vy2)cos 6 b (7908 30 + mocOS 6)} +o(y) (7.25d)
>
2ot (7.25¢)

33

L —deiya+ 2yicos 20) +4¢ {% (1 + 273 08 26 + 2175 cos 46)

+(qa+ qs)(y2+2y: cos 20)° + A *ge coS® 0} +o(y?) (7.25f)
where
(N N: N3\ . __(y_,_l N..S ) _(N6 )
m= - <4+9+16) =-(F +7 tgNs)a’sm=— T+ No)d’,
(NN \ (N., Ns) , (5 N7 )
M= (4+9+16> = )¢ me= \ggNst gty Nuja’,

N, N N Ns | N.
77 = (—6—6+ 6N10)a2’ 7rg=?6a2’ 71'9:77 a, T = ( 23 39)0 q4=2K, {c2 C1D5+2(C4+ AC])},

qs= ZKU(Cz - C1D5), e = Ka(Cs + 2D6). (726)

In the course of obtaining (7.25), we have put x;=1.
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The functions F., G., ®., n =2 can be formally solved in like manner. However, the
corresponding stresses appear only in the error terms in (7.25). If it is required to obtain the higher
order stresses, the more refined field equations should be employed instead of (6.1).

8. NUMERICAL ILLUSTRATION

As a special case of Section 8, we can consider the case where the magnitude of the applied
stress f,- is equal to that of t.,.. and the applied stress f. .. is zero. In this case we can put «, = 1,
k2=0, A =1 and define the characteristic load as t,. or t.y-.

Next we consider how to determine the material constants which appear in nonlinear
constitutive equations. In the following the material constants which constitute the nonlinear
terms in stress—strain relations shall simply be called the nonlinear material constants. Generally
speaking, these material constants should be determined from tension test, shear test. etc. Since a
set of appropriate experimental data is not at hand, we may be obliged to invent such conditions
that the nonlinear material constants can be determined for illustration purposes.

If the deformation is small, it can be assumed from the variation of the complementary energy
function we obtain

1

3 Ex’jktmns Mg™ 40 (33) 8.1

¥y = Egus 4

where Ej; is the linear material tensor and Ey,.... 18 the nonlinear material tensor. These material
tensors have the following symmetry relations:

Eiu = Egpoy = Eiy {8.2a)
Eijklmn = E(ii)lkl)(mn) = Ekliimn = Lijmnkt = Emnku;. (8.2b)
Let us suppose that the tensor Egume 1S decomposed with respect to the pair of tensor fields

Eiu, f; Here f; is a symmetric tensor which may later be determined. It is easily seen that this
decomposition leads to

Ejamn (0, By ¥) = 0 Eipafn + Ewimnfii + Evmitfia) + B{(Euxmfui + Eimntfii + Eniifim + Eijinfim + Exnimfii
+ Eimiifen + Ejtitfnn + Eitmafie + Epsniifa + Exiifon+ Ejmafia + Emmsifit + Exiimfin
+ Eiminfia + Epniifon + Extinfim + Einimfia + Epiafin }+ V{(Ejimfai + Emnifa; + Entiifim
+ Euinfim + Eimfic + Evmpfin + Eiigmfui + Eimrtfic + Ensifim + Eiinfin + Epimfia
+ Eumiifin + Eujmfin + Egmicnfit + Ercnitfim + Ejpefin + Exminfa + Ewniifim + Eajnfiom
+ Ejpkmfu + Emitfin + Epnfim + Exnimfit + Eimitfin) (8.3)

where
fi = fan 8.4

In the case of transverse isotropy, we may write down the following suppositions.
Supposition 1. In the case of i, j, k, |, m, n <3, the nonlinear material tensor Eju.. is given by

Ejimn = Egamn (2, B, B)- (8.5a)

In other cases, this tensor is
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Eiiktmu = if;dmn(ao, Bo, Bo) (85b)

where ao, Bo, @ and B are the constants which may be determined later.
Supposition 1 is the necessary condition for the following equations to hold;

Ennn= Ezzzzas, Espin= E332323, Essa = Easzszz, Ei212= Exiara, Eiizm= Euzzzz,

Eiisin= Enasn = 2E131223, E|m33“ Eii23 = 2E331212, i = E111122+4E1n|11- (86)
Supposition 2. The symmetric tensor f; is given by
fi = Enn(8u18i1 + 8:28:2) + Es3238:383. 8.7

Such components of the tensor Ejumn as Ei212:2 must be equal to zero in the case of transverse
isotropy. This requires Supposition 2.

In the case of uniaxial tension, we find from (8.1) that the ratio of the lateral contraction to the
negative of the longitudinal extension becomes

Exno +% Exuno?®
vilo)y=— (8.82)

1
EnnO"*‘iEmmG'z

where o is the magnitude of the tensile stress. Similarly we have

Esno +‘;'E33x1110'2
vifog)= — . (8.8b)

2
Esss0 +§ Essno

The ratios vi(o), a = 1,2 reduce to the classical values of Poisson’s ratios », when the tensile
stress o is sufficiently small.

If o is fairly large and if the magnitude of o is sufficient for the yield strength, the ratios v.
may be considered to reduce to 0-5.

In this section, however, we confine our attention to the case where the ratios v.(o) are
assumed to be independent of the tensile stress o within the error of o(v?). If the second order
terms are very small compared with the first order terms in (8.8), the ratios v (o) are rewritten in
the form: .

V(o) = v;{l—}-—l-

EZlell__Ellllll E331111_E333333
2

1
ooyt
EZZH Ellll )U} O(U) VZ(O.) & 1+2 E3311 E3333 g +O(U )(8 9)

If the ratios v/, are independent of the stress o under the circumstances the following equations
are obtained:

Enun _
Einn - (8.102)
B _ _ . (8.10b)

E333333
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Table 1. Linear elastic constantst (10 7 cm*/kg)

D, D, D, D, Ds D.
4902 —1471 -1428 5519 6373 6898

1The italic numbers are assumed values.

Table 2. Linear elastic constants (1077 cm’/kg)

D, D, D, D, Ds D,
4902 —1-471  —1471 4902 6373 6373

Supposition 3. When the deformation is relatively small, the equations (8.10) hold within the
error of o(y?).

If the material is incompressible under hydrostatic loading, Supposition 3 is in good
agreement with the result reported by Orthwein[7].

With the aid of Supposition 1-3, we can determine such constants as «a, 8, ao, Bo. That is, they
are determined from the following equations:

3(C¥+14B)Enl|f1|:Emm (8.118.)
Oé(Eml +2E|122)f1| +26(E|1|1 +6E|2|2+2E1|::)f11 = = VlEmm (8.11b)
3(010+ 14,30)E3333f33 = E333333 (8.11C)

ao(Ennfzs + 2En33fn) + ZBO(EHIIf]} + 6E13|3f1| + 2E| |33f11) = - V2E333333 (8.1 ld)

In particular, the nonlinear material tensors Eiyn and Easaaas are directly determined from
stress-strain curves in the directions parallel to X' and X’ axes respectively.

xio3
8
/
7 Longi. tension, (/
-————Trans.tension /

6 /
T, /
o
E; /
g 4 /
£ /
5) 5 /

7
2/
/
| /
/
6]
¢ 2 3 4 5”0-3
Strain

Fig. 2. Stress-strain diagrams for Cr-Ni steel.
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Then the nonlinear material constants are given by

3as = 4E122331, 2010 =2E 11212— 4E 122331, 6415 = Eij22— 2E111212+ 4E122331,
2ax = Eizs3~ Etiniaze + 2E 212 = 4E 122331, 15 = 2E 111313 — 2E 11212,
202 = Ei1333—=4E 11122~ 2E 12233 + 2E 111122 + 8 E 22331,
20y4= En133— 2E 11212 — Eri2233 + 4E 122331,
a17=2Fs313i3— Etinss + 2E 1212 + Evizass — 4E 122331 — 2E 111313,
6a1s = E3333—3E 111133 — Erni2210 + 8E 111212 = 3E 113333 6 E 112233 — 24 E 120331, (8.12)

In order to carry out some numerical calculations, let us use the experimental data on
Cr-Ni steel[9].

Since these data are varied for the plate which have a thickness of 0-051 cm, there are some
problems in applying these data to the present investigation. Here we don’t consider the
difference between the material constants for design and those used in the present illustrations,

because the aim of some numerical calculations is to show the second order effect on the stress
concentration factor qualitatively.

Fig. 3. Stress concentration factors K, K..

The stress—strain curves for Cr-Ni steel may be approximated in the form:

2
y = % +19-68 <E£> + o(v") for longitudinal tension (8.13a)
1 1

2
y = E£ +19-66 (E£> + o(y’) for transverse tension (8.13b)

where o is nominal stress, y is strain and E, and E, are Young’s moduli in the longitudinal and
transverse directions respectively.

If transverse and longitudinal directions are taken as directions parallel to X' and X axes
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respectively, the components E 11111, Es333:; of the nonlinear material tensor Ejum. are given by
2 X 19-66 2 X 19-68
Eiiin :‘—E‘lz—_, 333333 :—E—.ez_‘. (8-14)

In the remainder of the discussion, K, shall be defined as E;, and we shall assume that the
elastic properties of Cr-Ni steel are given by Table 1.

The stress-strain curves approximated by (8.13) are illustrated in Fig. 2.

Let us define the stress concentration factors K, K,

K, = Iz g, = Tme (8.15)

Ty = Tyzx

where oma and 7ma are the maximum values of normal stress and of longitudinal shear stress
respectively. The relation between these factors and the applied stress o. /E, is shown in Fig. 3.

In order to investigate the effect of transverse isotropy on the stress distributions on r = a, we
shall consider an assumption material which may be assumed to be isotropic and to have the
stress—strain curve given by (8.13b) and the elastic properties listed in Table 2. Under the
circumstances, the comparison between the isotropic material and the transversely isotropic
materials is also shown in Fig. 3. It is found from Fig. 3 that stress concentration factors decrease
monotonously as the nondimensional applied stresses increase, and that these factors decrease
more rapidly in the case of transverse isotropy than in the case of isotropy.

The longitudinal shear stress becomes maximum on the plane which is generated by rotating
the X = constant plane through an angle a about the axis X'. This value of « is plotted against
a./E. in Fig. 4. The corresponding maximum stress occurs at (a,0) on the plane inclined at
a + /4 from the X’ = constant plane.

In Fig. 5 stress distributions on r = g are illustrated for o./E, = 0-005. In particular the stress
component t* is the second order stress, and so t* is considered to be nonlinear effect. It is
interesting to note that the effect of the second order stress on the stress distributions on r = a is

Transverse |sotropy.

———=Igotropy.

OE;/Et x1073

Fig. 4. The value of « in degree.
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Fig. 5. Stress distributions on r = a for o, /E, = 0-005.

O /E+=0.005

Transverse |sotropy.

$=T/O'c

—-— l|sotropy.

Fig. 6. The effect of transverse isotropy on the stress distributions on r = a.

fairly large, and so such stress as ¢ can not be necessarily neglected in the nonlinear plane strain
problems.

The effect of transverse isotropy on the stress distributions of ¢* and t** on r = a is shown in
Fig. 6. It may be observed from Fig. 6 that in this case the effect of anisotropy on the stress
distributions on r = a is fairly large.
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